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Introduction
Let G = (V (G), E(G)) be a digraph without loops and multiarcs, where V (G) = {v 1 , v 2 , . . . , v n } and E(G) are the vertex set and the arc set of G, respectively. If (v i , v j ) be an arc of G, then v i is called the initial vertex of this arc and v j is called the terminal vertex of this arc. For any vertex v i of G, we denote N Therefore, the research of the signless Laplacian matrix of a digraph has more universal significance than undirected graph.
The eigenvalues of Q(G) are called the signless Laplacian eigenvalues of G, denoted by q 1 , q 2 , . . . , q n . In general Q(G) are not symmetric and so its eigenvalues can be complex numbers. We usually assume that |q 1 | ≥ |q 2 | ≥ . . . ≥ |q n |. The signless Laplacian spectral radius of G is denoted and defined as q(G) = |q 1 |, i.e., the largest absolute value of the signless Laplacian eigenvalues of G. Since Q(G) is a nonnegative matrix, it follows from Perron Frobenius Theorem that q(G) = q 1 is a real number.
For the Laplacian spectral radius and signless Laplacian spectral radius of an undirected graph are well treated in the literature, see [12, 13, 14, 16] and [3, 4, 6, 7, 8, 14] , respectively. Recently, there are some papers that give some lower or upper bounds for the spectral radius of a digraph, see [2, 5, 15] . Now we consider the signless Laplacian spectral radius of a digraph G. For application it is crucial to be able to computer or at least estimate q(G) for a given digraph.
In 2013, S.B. Bozkurt and D. Bozkurt in [1] obtained the following bounds for signless Laplacian spectral radius of a digraph.
(1)
q(G) ≤ max
In 2014, Hong and You in [9] gave a sharp bound for the signless Laplacian spectral radius of a digraph:
Remark 1.1. Note that G is a strongly connected digraph for bounds (1), (3), (4), respectively.
In this paper, we study on the signless Laplacian spectral radius of a digraph G. We obtain some upper bounds for q(G), and we also show that some upper bounds on q(G) involving outdegrees and the average 2-outdegrees of the vertices of G can be obtained from our bounds.
Preliminaries Lemmas
In this section, we give the following lemmas which will be used in the following study.
Lemma 2.1. ( [10] ) Let M = (m ij ) be an n × n nonnegative matrix with spectral radius ρ(M), i.e., the largest eigenvalues of M, and let R i = R i (M) be the i-th row sum of M,
Moreover, if M is irreducible, then any equality holds in (6) if and only if 
If A is irreducible, then all eigenvalues of A are contained in the following region
Furthermore, a boundary point λ of (7) can be an eigenvalue of A only if λ locates on the boundary of each oval region S ij for e ij ∈ E(A).
Theorem 3.1. Let G be a strongly connected digraph with n ≥ 3 vertices, m arcs, the maximum vertex outdegree ∆ + and the minimum outdegree δ + . Then
denotes the digraph on n vertices which replace each edge in star graph K 1,n−1 with the pair of oppositely directed arcs, then the equality holds in (8) Proof. From (2), we know that q(G) ≤ max{d
So we only need to prove that max{d
This follows that m
√ a is the unique positive root of f ′ (x) = 0. We consider the next three Subcases.
C n ) is a strongly connected digraph, then we may assume that ∆ + ≥ 2, this implies that δ
+ . Thus, the equality holds. If
≤ n from n ≥ 3 and
Thus, the equality also holds. By combining the above discussion, the result follows.
Corollary 3.2. Let G be a strongly connected digraph with n ≥ 3 vertices, m arcs, the maximum outdegree ∆ + and the minimum outdegree δ
Proof. Because ∆ Theorem 3.5. Let G be a strongly connected digraph with vertex set V (G) = {v 1 , v 2 , . . . , v n } and arc set E(G). Then
Moreover if G is a regular digraph or a bipartite semiregular digraph, then the equality holds in (10).
Proof. From the definition of
, and consider the similar matrix
Since G is a strongly connected digraph, it is easy to see that P is irreducible and nonnegative. Now the (i, j)-th element of
otherwise.
Let R i (P ) be the i-th row sum of P and R
Then by Cauchy-Schwarz inequality, we have
Since P is irreducible and nonnegative, ρ(P ) denotes the spectral radius of P . Then by Lemma 2.3, there at least exists (v i , v j ) ∈ E(G) such that ρ(P ) is contained in the following oval region
Obviously, ρ(P ) = q(G) > max{d
Therefore, solving the above inequality we obtain
Hence (10) holds. If G is a regular digraph,
Thus, the equality holds. If G is a bipartite semiregular digraph,
, and G is a bipartite semiregular digraph, therefore d
Then the equality holds.
, we say f is positive on arcs.
be a nonnegative function which is positive on arcs. Then
Proof. Let X = (x 1 , x 2 , . . . , x n ) T be an eigenvector corresponding to the eigenvalue q(G)
By (12), we have
For convenience we use
By (13), we get
By (12), we have q(G) = 0 which is impossible, since G has at least one arc. So |g(i 1 , j 1 )| > 0. Then
Therefore, we obtain
This proves the desired result.
Proof. (11), by Cauchy-Schwarz inequality,
By (11), we get
, So we get the desired result.
by Cauchy-Schwarz inequality. Thus by (11) we get the desired result. 
Proof. Setting f (v i , v j ) = d
by Cauchy-Schwarz inequality. By (11) the result follows.
Notice that (16) and (17) can be viewed as adding square roots to (15) at difference places.
Example
Let G 1 , G 2 be the digraphs of order 4,6, respectively, as shown in Figure 2 . 
